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Abstract

In this paper, we study how to pick optimal portfolios by modulating the impact of
estimation risk in large covariance matrices. We discover that if the expected returns
vector lies in a subspace of the eigenvector space of the sample covariance matrix, the
sample-based maximum Sharpe ratio portfolio also lies in the same subspace. Due
to the uneven distribution of estimation errors across different sample eigenvalues and
eigenvectors, it is desirable that the portfolio estimator lies in a space spanned by a few
sample eigenvectors that relatively well estimate their population counterparts. There-
fore, we propose approximating the expected returns vector in a lower-dimensional
subspace and use the approximation for the construction of portfolio. As long as the
approximation is close to the original vector, we benefit from the reduced exposure to
the estimation error without much loss in the information of the expected returns. We
introduce two concrete regularization methods for approximating the expected returns,
and analyze the choice of tuning parameters for the methods. We conduct simulation
studies and use three real-world stock returns datasets to assess the effectiveness of the
two methods. Our results show that both methods mitigate the effect of the estimation
error more effectively in a high-dimensional setting than a low-dimensional setting.
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1 Introduction

Markowitz’s mean-variance theory, despite its theoretical appeal, has not been widely used
in its original form in practice. One of the main reasons (DeMiguel et al. [2009b], Kan and
Zhou [2007]) is that estimation errors in expected returns and a covariance matrix have an
adverse effect on a portfolio’s performance. As Merton [1980] points out, estimating the
expected returns from the time series of realized returns is extremely challenging, while the
covariance matrix can be much more accurately estimated from historical data. This re-
alization causes investors to dispense with the estimation of expected returns from history
and instead resort to either a minimum variance (MV) portfolio or a maximum Sharpe ratio
(MSR) portfolio with a better proxy for the expected returns. Over the years, hundreds
of factors have been put forward to explain the cross-section of expected returns. A few
examples of the firm-specific factors include idiosyncratic volatility, a collection of signals
from fundamental analysis, investor sentiment, and media coverage, etc. In practice, sophis-
ticated investors usually engage in exploiting these anomalies and building their proprietary
model for the cross-sectional expected returns, while uninformed investors may adopt an
equal view about all the assets and thus pursue the MV portfolio!. However, all investors,
whether sophisticated or not, rely on the realized returns to estimate the covariance matrix.
It has been well-noticed that the sample covariance matrix suffers from substantial estima-
tion errors, especially when the number of assets is large compared with the sample size,
and these errors greatly jeopardize the optimality of the resulting portfolios. Following this
line of reasoning, it seems that we need to work hard on the critical issue of improving the
covariance matrix estimator. However, as we proceed, it will be manifested that the problem
we intend to address in this paper is not simply a covariance estimation one.

Our goal in this paper is to propose a robust approach to construct a large MSR, portfolio
when an investor has formed her view on the asset expected returns. Alternatively, we intend

to ameliorate the portfolio optimization procedure so as to make a portfolio less contaminated

Tf the expected return of each asset is the same, the MSR portfolio is simply the MV portfolio.



by errors in the input covariance estimator. It is important to clarify that this paper does
not contribute along the direction of forming an accurate proxy for expected returns; rather,
we leave the choice to the investor and then construct an MSR portfolio based on her best
proxy for expected returns. Therefore, we are not concerned with the possible gap between
the actual and the best proxy for expected returns. So we hereafter refer to the best proxy
of expected returns simply as the expected returns for convenience purpose.

Many attempts have been made in the literature to guard portfolios against the prolif-
eration of the estimation errors in the inputs to the portfolio selection problem. Some of
these approaches are not explicitly designed to improve the MSR portfolio; instead they
address a broader set of portfolio optimization problems. As we will see, they provide in-
sightful ideas which can be applied to improve the MSR portfolios. Jagannathan and Ma
[2003], for instance, point out that imposing no-short-sale constraints helps reduce portfo-
lio risk and explain why such constraints are effective. DeMiguel et al. [2009a] provide a
framework for finding portfolios that perform well out-of-sample, and this framework in-
volves constraining the norm of portfolio weight vectors. Fan et al. [2012] introduce a gross
exposure constraint which bridges the gap between the no-short-sale constrained portfolios
in Jagannathan and Ma [2003] and the unconstrained problem of Markowitz [1952]. Tu
and Zhou [2011] demonstrate that an optimal combination of the 1/N portfolio and a more
sophisticated strategy generally outperforms the 1/N portfolio. Chen and Yuan [2016] intro-
duce a “subspace mean-variance analysis” and show that constraining the portfolio weight
vector to be within a certain linear subspace resolves the “Markowitz optimization enigma”.

Another strand of research follows a “plug-in” strategy and focuses on improving the
quality of the covariance matrix estimator used in the optimization. Notably, Ledoit and
Wolf [2004] propose shrinking the sample covariance matrix towards a multiple of the identity
matrix, so that the over-dispersed sample eigenvalues are pushed back towards their grand
mean. In a related study, Ledoit and Wolf [2017] propose a more flexible covariance matrix

estimator which shrinks the sample eigenvalues in a nonlinear manner. Frahm and Memmel



[2010] derive two estimators for the global minimum variance portfolio that dominate the
traditional estimator with respect to the out-of-sample variance of portfolio returns. More
recently, Fan et al. [2013] develop a Principal Orthogonal complement Thresholding (POET)
method to deal with the estimation of a high-dimensional covariance matrix with a condi-
tional sparse structure and fast-diverging eigenvalues. Lastly, Carrasco and Noumon [2011]
investigate four regularization techniques to stabilize the inverse of the covariance matrix
in a Sharpe ratio maximization problem and derive a data-driven method for selecting the
tuning parameter in an optimal way.

Most existing “plug-in” methods treat the estimation of the expected returns and the
covariance matrix as two separate tasks. This particular estimation strategy may explain why
improving the MSR, portfolio when expected returns are given has not become a concrete
research topic: in this case the problem seems to simply reduce to a covariance matrix
estimation one. However, it is important to notice but has been ignored by many that these
two problems are not necessarily equivalent. In particular, it does not necessarily take a
perfect? covariance matrix estimator to produce a perfect portfolio weight estimator. We
use an illustrative example to further clarify this argument. For convenience, hereafter let
us use the term “return” to stand for the return in excess of the riskless rate for a given
asset. Suppose that we have a sample covariance matrix such that the sample eigenvector
corresponding to the largest eigenvalue (hereafter referred to as the dominant eigenvector) is
a perfect estimator for the population dominant eigenvector. Then, if the expected returns
vector is an exact multiple of the population dominant eigenvector, we can show that the
sample-based estimator for the MSR portfolio is exactly the true MSR portfolio, regardless
of whether the non-dominant eigenvectors can be accurately estimated. The idea we intend
to convey by this example is that not only the quality of the covariance matrix estimator but
also how the expected returns vector lies in the eigenvector space matters in determining

the quality of the sample-based MSR. portfolio. Admittedly, the assumption here about

2A “perfect” estimator is one without any estimation error.



the distribution of the estimation error in the sample covariance matrix is extreme. But
it has been shown by Shen et al. [2016] that estimation errors become progressively more
pronounced as we move away from the dominant principal component. In particular, if
the population covariance matrix admits a high-dimensional K-factor model, the largest
K eigenvalues and their corresponding eigenvectors can be consistently estimated by their
sample version under usual high-dimensional asymptotics.

The uneven distribution of estimation errors across principal components, together with
the earlier example, suggests an “expected returns approximation” approach for improving
the MSR portfolio. In this approach, we approximate the expected returns vector using a
few sample eigenvectors which relatively accurately estimate their population counterparts
so as to make the most of a commonly used low-quality covariance estimator. As has been
mentioned earlier, the expected return vector here refers to the investor’s best proxy for
expected returns. This vector is known. The purpose of approximating it is not because we
deem it to be inaccurate but because we intend to mitigate the estimation errors by slightly
modifying it. We replace the original expected returns vector with its approximation in
the “plug-in” method to obtain the portfolio weight estimator. We need to ensure that the
approximation expected returns vector is close to the original vector so that little information
about the expected returns will be lost. In a nutshell, the key idea behind the expected
returns approximation approach is to intentionally introduce some approximation error with
the goal to mitigate the estimation error. More importantly, we control the maximum amount
of approximation error to be introduced and, at the same time, reduce the amount of the
estimation error as much as possible.

We discuss two concrete methods that belong to the expected returns approximation
approach. The first method approximates the expected returns vector using the sample
eigenvectors corresponding to the largest K sample eigenvalues, where K is a parameter to be
determined. These eigenvectors are hereafter referred to as the first K eigenvectors. We find

an interesting equivalence, in terms of the resulting portfolios, among the first approximation



method, a “spectral cut-off method” (Carrasco et al. [2007]), and a “subspace mean-variance
optimization approach” (Chen and Yuan [2016]) in the literature. Thus, we simply refer to
our first method as the spectral cut-off method. The second method uses a selected set
of sample eigenvectors to approximate the expected returns vector. We coin the second
method as a “spectral selection method”. In the spectral selection method, we solve for the
approximation expected returns vector from a regression problem with varying L; penalty.
The program is designed so that sample eigenvectors contributing more to explaining the
expected returns vector as well as those corresponding to larger sample eigenvalues will enter
the selected set with a higher chance. The spectral selection method generalizes the spectral
cut-off method in that it is less restrictive about the approximation set. We will show that
there are “blind spots” in the spectral cut-off method, in which cases we have to resort to
the spectral selection method for a better portfolio performance.

It remains an important issue to determine the tuning parameters in the two spectral
methods. Our intention of controlling the maximum amount of approximation error to be
introduced motivates us to set an upper bound, denoted by d, for the relative approximation
error, which is defined as the normalized Euclidean norm of the difference between the orig-
inal and the approximation expected returns vectors. In the spectral cut-off method, since
there is a monotonic relationship between K and the implied relative approximation error,
the minimal acceptable K is easily obtained once § is set. The more sophisticated spectral
selection method involves two parameters: 7 specifies the severity of the aforementioned L,
penalty, and ¢ controls how differently we treat head and tail principal components. More-
over, v is a function of ¢ when ¢ is given. Therefore, we set an upper bound on the relative
approximation error and then resort to a data-driven method to tune ¢, and 7 is obtained
consequently.

Constraining the relative approximation error is an important idea, since only when this
error is well controlled can we get a portfolio closely reflecting an investor’s view. This

involves specifying the value of §. Actually, even without a fine tuning procedure, we are



aware that the eligible range for ¢ is between 0 and 1 (since it can be viewed as a sine of a
small angle) and that a reasonable value for § should be close to 0 to ensure not too much
information is discarded from the given expected returns vector. Another appealing feature
of ¢ is that once we have decided on a value of §, as we update the expected returns and the
sample covariance matrix on portfolio rebalancing dates, the resulting K or v automatically
changes according to the spatial relationship between the updated expected returns vector
and the eigenvectors of the updated covariance matrix estimator. Therefore, § can be viewed
as a dynamic selector of K or ~.

This paper makes four contributions to the literature. First, we discover the critical role
of the expected returns vector in determining the possibility of improving the MSR portfolio
even when the covariance matrix is poorly estimated. Second, we cast a new light on the
economic interpretation of the well-known spectral cut-off method, which has been viewed
as a pure stabilization technique, when it is applied to portfolio optimization problems.
Third, we ameliorate the conventional procedure of tuning the parameter in the spectral
cut-off method to protect an investor’s view from being substantially distorted. Last but
not least, we propose a novel spectral selection method for safeguarding an MSR portfolio
against pervasive estimation errors in the “less informative” dimensions. In addition, we
devise a tuning parameter selection procedure which bounds the approximation error and in
the meanwhile learns from data.

The rest of this paper is organized as follows. Section 2 establishes a connection between
an eigen portfolio and an MSR portfolio. Section 3 introduces two concrete forms of the ex-
pected returns approximation approach, discusses their respective properties, and illustrates
the tuning parameter selection procedure. Section 4 provides three ways of pinning down an
expected returns vector. In Section 5 we use four simulated cases to assess the effectiveness
of the spectral methods. In Section 6 we use empirical returns from three major equity
markets to evaluate the out-of-sample performance of different portfolios. In addition, we

also justify a heuristic choice on the value for the tuning parameter 9.



Before we proceed it is useful to introduce some notations used in the rest of this pa-
per. We denote matrices by bold capital letters, vectors by bold lower-case letters, and
scalars by plain lower-case letters. Let ¥ denote a p X p population covariance matrix.
The equation 3 = UAUT represents the eigen decomposition of 3, where A = diag{\; >
Ay > -+ > \,} is a diagonal matrix containing non-increasingly ordered eigenvalues and
U = (u,u®, ... u®) contains the eigenvectors. Similarly, let 3 = UAUT denote the
eigen decomposition of the sample covariance matrix f), where A = diag{xl > Xg >0 >
Xp} is a diagonal matrix containing the non-increasingly ordered sample eigenvalues and
U= @W,a®, ... 4®) contains the sample eigenvectors. Throughout the paper, we focus
on the situations where ¥ and ¥ are invertible for the sake of clarity and without loss of

generality. Furthermore, we let || - || denote the spectral norm of a matrix and the Ly norm

of a vector.

2 From Eigen Portfolio to MSR Portfolio

Portfolios based on re-scaling the eigenvectors of the covariance matrix are called eigen port-
folios. An appealing feature of eigen portfolios is their uncorrelatedness since the eigenvectors
of the covariance matrix are mutually orthogonal. This nice property has been exploited by
Steele [1995], Partovi et al. [2004], Avellaneda and Lee [2010], and Boyle [2014] among oth-
ers. In this section, we set up a connection between the expected returns vector and the
portfolio weight vector by viewing the eigenvectors, or equivalently the eigen portfolios, as a
set of basis vectors of a vector space. The important implication conveyed in this section is
that we can use a linear combination of a subset of eigenvectors to approximate the expected
returns vector so as to obtain a portfolio whose weight is spanned by the same eigenvectors.

Suppose that an investor needs to make a single-period investment decision on allocating
weight to p risky assets so as to maximize the end-of-period portfolio Sharpe ratio, which is

an expected return to standard deviation ratio®. Further, the p x 1 vector p contains the

30ur definition of Sharpe ratio is in accordance with the usual definition - the expected return in excess



expected returns over the investment horizon, and X is the asset returns covariance matrix.

If this is the case, the investor solves for the MSR portfolio from the following problem:

st wlil=1, (1)

where 1 is a p X 1 vector of ones. It is easy to check that the solution to this problem is

msTr 271“
V= s )

given that the expected return of the global minimum-variance portfolio is higher than zero®

(1727 > 0). The MSR portfolio lies on the efficient frontier.

Assume that we have p eigen portfolios Z = (z",z?), ... z®) so that their weights are

ul®
1Ty "

multiples of the eigenvectors of the covariance matrix, i.e., z¥ = These portfolios
are mutually orthogonal. Now consider the scenario that the expected returns vector w is
proportional to z?). Since ¥ and ¥ ~! have the same eigenvectors, the weight vector of this
MSR portfolio is identical to z(¥. The other portfolios based on the remaining eigenvectors
are orthogonal to the MSR portfolio. We can run through all the eigenvectors in the same
way by selecting the expected returns vector to be proportional to each eigenvector. In each
case the eigen portfolio is efficient in terms of maximizing the Sharpe ratio upon the given
expected returns vector.

The next proposition provides a formal statement of the connection between the eigen

portfolio and the MSR portfolio.

Proposition 2.1. If p is a non-zero scalar multiple of the ith eigenvector of ¥ and sums to
a positive number, i.e., u = au”, a € {a # 0: al™u® > 0}, the MSR portfolio in eq. (2) is

exactly the ith eigen portfolio, i.e., w™" = z(®.

of the riskless rate over the standard deviation. Note that as has been mentioned earlier, in this paper we
use the term “return” to denote an asset’s/portfolio’s return in excess of the riskless rate.

41f this condition is not satisfied, the MSR portfolio does not exist, and the portfolio calculated from eq.
(2) corresponds to the minimum Sharpe ratio portfolio.



All of the proofs are given in the Appendix. We now provide some comments on this
result. An interesting implication of Proposition 2.1 is that when the vector of expected
returns is a scalar multiple of an eigenvector, the MSR portfolio reveals a “return preserving”
property, namely, the investment in a given asset is directly proportional to its expected
return. A concrete case where a Sharpe ratio maximizing investor would like to hold an
eigen portfolio is when asset returns are generated from a single-factor model with a constant
residual variance (MacKinlay and Péstor [2000]). If this is the case, an investor’s optimal
choice is to hold the dominant eigen portfolio. Proposition 2.1 can be readily extended to the
scenarios where the vector of expected returns is a linear combination of a set of eigenvectors,

as shown in the following proposition.

Proposition 2.2. If g can be expressed by eigenvectors of ¥ as g = > 7, a;u”® and the

inequality 17X~y > 0 is satisfied, then the MSR portfolio in eq. (2) has weights given by

P a; P ailTu“)
msr __ A (i) _ E Ai (@)
w - Z p  a;1Tul® us = p  a;1Tul® z . (3)
i—1 2ui=1 i—1 2ui=1 X,

Proposition 2.2 expresses the MSR portfolio as a weighted average of the eigen portfolios;
in addition, it specifies how the weights are determined based on the loadings (a;’s) of the
expected returns vector on the eigenvectors. An important implication of Proposition 2.2 is
that the expected returns vector and the MSR portfolio lie in the same linear subspace of the
eigenvector space. More specifically, if p is spanned by a subset of eigenvectors, the MSR
portfolio will then be a weighted average of the corresponding subset of eigen portfolios.
This proposition serves as a theoretical foundation and provides an intrinsic motivation for
the “expected returns approximation method” which will be formally introduced in Section

3.

®Note that any pu € RP can be written as a linear combination of the eigenvectors {u*), u®, .. ul®}.
This equation just gives a notation to the loadings of p on the eigenvectors.
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3 Spectral Methods for Improving MSR Portfolios

In the last section, it was assumed that there was no estimation error in the inputs to the
portfolio selection problem. In practice, the estimation errors in the expected returns vector
and the covariance matrix are ubiquitous. There is an extensive literature on this topic, e.g.,
see Kolm et al. [2014] for a contemporary review on this. In this section, we explain how the
eigen portfolios can be used to address the estimation risk problem in portfolio selection.

The portfolio problem we consider in this section is similar to that described in Section
2. Suppose that p is an investor’s best proxy for the vector of expected returns of p risky
assets over the investment horizon based on all information available to her; the covariance
matrix is unknown and needs to be estimated from the price history. The investor wants
to construct an MSR portfolio based on her best knowledge, or alternatively, a portfolio
that maximizes the ex-ante Sharpe ratio. Admittedly, if the investor has a view about asset
expected returns that deviates substantially from the reality, an MSR portfolio constructed
based on her view will very likely yield a poor out-of-sample performance. However, it is
not the goal of our paper to answer the question of how to generate an accurate expected
returns proxy. Rather, we deem p as an exogenously given view and try to improve the
MSR portfolio constructed based on this view.

The rationale for leaving the choice of the proxy for expected returns to the investor is
as follows. As we have mentioned earlier, there are a variety of models to choose from for
predicting returns and few investors would use the sample-based estimator as the proxy, it is
thus restrictive to specify how an investor would make the decision; while investors usually
rely on historical data to obtain a reasonable covariance matrix. The same argument for
viewing p as exogenously given is used, for example, by Ledoit and Wolf [2017]. However,
later we will provide a few ways to pin down a reasonable u to facilitate the implementation
of our method.

If we adopt the sample covariance matrix as the input to the “plug-in” method, we get

11



the following sample-based MSR, portfolio weight estimator:

-1
‘/A\Imsr_ b P

TS w

What concerns us with the above portfolio weights is that there may exist severe estimation
error in 3 when p is large relative to the sample size for the estimation; further, inverting
the matrix amplifies the errors, especially those in the sample eigenvectors corresponding to
the smallest eigenvalues. As a consequence, the sample-based MSR portfolio could severely
deviate from the true optimal portfolio. In this section, we introduce an “expected returns
approximation” approach to guard the portfolio weight estimator against the estimation
error in 3.

The basic idea of the expected returns approximation approach is described as follows.
Following the same logic as that in Proposition 2.2, we can show that in the presence of
estimation error, the expected returns vector and the weight vector of the sample-based
MSR portfolio lie in the same linear subspace of the space spanned by sample eigenvectors.
Therefore, if the expected returns vector can be approximated well by using a few sample
eigenvectors which relatively well estimate their population counterparts, we can replace the
original expected returns vector with its approximation, so that the MSR portfolio is not
contaminated by the more severe estimation errors in the excluded principal components.
Inevitably, we introduce an approximation error by ignoring some eigenvectors, and we
discuss how to strive a good balance to achieve such a trade off.

We describe two concrete methods for approximating the vector of expected returns.
The two methods are different in their choice of the approximation set, i.e., the collection
of eigenvectors used to approximate the expected returns. The first method uses the first
few sample eigenvectors and is shown to be equivalent to a spectral cut-off method in the
literature. The second method, known as the spectral selection method, uses a selected set

of sample eigenvectors as the approximation set. The selection criterion takes into consider-
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ation both the contribution of a sample eigenvector to explain the expected returns and the
magnitude of its corresponding eigenvalue. The two methods will be introduced in Sections

3.1 and 3.2 respectively.

3.1 Another Look at the Spectral Cut-off Method

We now describe the first approximation approach. Since we intend to approximate the
vector of expected returns using a few sample eigenvectors that, compared with the remaining
ones, relatively accurately estimate their population counterparts, a natural choice is to use
the first few sample eigenvectors which tend to better estimate their population counterparts
in terms of consistency and convergence rate (Shen et al. [2016]).

Given a feasible set for the approximation vector of expected returns, we deem an ap-
proximation to be optimal if its Ly distance from the original vector is minimized. Suppose
that we approximate p in the linear space spanned by the first K sample eigenvectors (the
choice of K will be discussed later). We let Zfil ;i denote an approximation vector and

solve for the optimal a;’s from the following minimization problem:

(@™, ..., a%") = argmin

(CLl,A..,CLK)

: (5)

K
e
=1

The following proposition presents the solution to the problem.

Proposition 3.1. The solution to the optimization problem in eq. (5) is:

~cut __ s .
a;" =a’, 1=12,...

Y K? (6)

where @%* = d®Tu, i = 1,2,...,p, is the solution to the following problem:

(@, ...,a") = argmin

’p
(a17"'7ap)

. (7)

= Xp: a;ut”
i=1

Note that the problem in eq. (7) differs from that in eq. (5) in their dimension. It follows

13



from Proposition 3.1 that the optimal approximation vector of expected returns is given by:

Acut ZAcutA (7)) _ Za 1{1<K}u (8)

Using matrix notations, the approximation vector can be also written as u(K) = U KU KM
where Uy = (@M, 0@, ..., 4®). Note that i (K) is the projection of g onto the linear
space spanned by the first K sample eigenvectors of > Replacing p by g (K'), we obtain
the following MSR portfolio:

" 1lgici17a0

N E 1’\cut K p : "
WCUt(K) _ ( ) _ Z Ai — Z(Z), (9)
1Tz—lucut(K) — Z a 1{1<K}1 ult

z

where z() = TAm denotes the ith sample eigen portfolio. Note that the sample-based MSR

portfolio is the following weighted average of sample eigen portfolios:

aés 1750

Sy u 3 ,
~msr i (1)
W = - = E — a@Tan - 10
173 ISP llf“” (10)

According to eqgs. (9) and (10), the actual effect of approximating the expected returns
using the first K sample eigenvectors on the MSR portfolio composition is to eliminate any
contribution from the last p— K sample eigen portfolios and reallocate the weight. Moreover,
the relative weight of the first K sample eigen portfolios is not affected.

A further simplification of eq. (9) by plugging in the matrix expression for g (K) leads

to an alternative expression for the portfolio weights:

A~

. )Ipt
W K) = —f_lf : (11)
17

where i];(l = [AJKJAX;[AJ],; and jAXK = diag{xl > /):2 > > XK} Eq. (11) conveys an

interesting fact: the method of inputting the sample covariance estimator and the approxi-
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mation expected returns into the “plug-in” method is equivalent to keeping the return vector
unchanged and using il}l to replace -1, Note that 2[}1 is a modified inverse covariance
matrix which discards the principal components associated with the smallest p — K sample
eigenvalues. This specific way of modifying an inverse covariance matrix is called the spectral
cut-off method and has been discussed in Carrasco et al. [2007] and Carrasco and Noumon
[2011]. The spectral cut-off method was originally introduced as a stabilizing technique to
invert an ill-posed® sample covariance matrix.

Chen and Yuan [2016] is a related work according to which the portfolio weight vector
takes the same form as that in eq. (11)7. The authors search for the mean-variance optimal
portfolio within the linear subspace spanned by the first few eigenvectors. They show that
if asset returns are generated from an approximate factor model and both expected returns
and covariance matrix are estimated from data, the sample-based subspace mean-variance
optimal portfolio only leads to a diminishing deterioration in Sharpe ratio compared with
the actual mean-variance optimal portfolio. Actually, this nice theoretical property of the
sample-based subspace optimal portfolio is guaranteed by the strong factor model assumption
which implies that the expected returns vector roughly lies in the linear subspace spanned by
the first few eigenvectors. When an investor’s view is not in accordance with the factor model,
the subspace mean-variance optimal portfolio will lead to certain information distortion for
sure. This point will later be illustrated in more detail.

By pointing out the equivalence between the spectral cut-off method, the subspace mean-
variance analysis, and the expected returns approximation method, we provide an economic
explanation for the first two: by leaving out a few tail principal components, the spectral
cut-off method and the subspace mean-variance approach secretly modify an investor’s view

on expected returns. Thus, cutting off the last p — K principal components is only desirable

6The sample covariance matrix can be ill-posed or even singular, especially when multicollinearity is
present across investment assets or when the sample size is smaller than the number of assets.
"The only difference is that in Chen and Yuan [2016] p is replaced with its estimator, i.e., W*“(K) =

1~

178 a”
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if o can be well approximated in the space spanned by the first K sample eigenvectors. Since
the first approximation method is equivalent to the spectral cut-off method in the sense that
both lead to the same portfolio, we do not coin this approximation method with a new name;
instead we continue to use the term “spectral cut-off” method when referring to it.
Actually, the finding of such equivalence between a method for regularizing the covariance
matrix estimator and a way of modifying the expected returns vector is not accidental.
In fact, we can easily identify an “equivalent modified expected returns vector” for a few
methods designed for improving the covariance matrix estimator. For example, the well-
known “shrinkage towards identity” method, by making sample eigenvalues less dispersed,
secretly magnifies the loading of the expected returns vector on eigenvectors corresponding
to the larger eigenvalues. To illustrate this, let us suppose the shrinkage estimator S+ ALis
used in the “plug-in” method. Then, the resulting MSR portfolio has the following weight

vector: -
N ) %aﬁnTﬁ(i)
st S+ A 3
FH() = ( '+ e Z By >0} (12)
17(S 4 )l :

—i_gls1TH()
=1 p i+
i=1 Py

According to the coefficient before Z(*), the loading of the “equivalent modified expected

returns vector” on the ith sample eigenvector is X_Ajr/\fiés. For large sample eigenvalues, this

loading is hardly different from a!*; for small sample eigenvalues however, the loading is much

smaller than @' in the sense of absolute value.

3.1.1 Consistency of w*(K) under a spiked covariance model

This section is devoted to showing that if the population covariance model has a spiked
structure that the largest K eigenvalues increase with p while the remaining ones are bounded
as p increases, then w(K) converges almost surely to a distortion of the true optimal weight

under the high-dimensional asymptotics where both p and the sample size go to infinity at

the same rate.
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Assumption 3.1. x1,Xs,...,X, are a random sample having the distribution of

p

1 .

X; = E )\;Zi7jll(])
Jj=1

where the z; ;’s are i.i.d. random variables with zero mean, unit variance, and finite fourth

moment.

Assumption 3.1 specifies how random samples are generated from the population covari-
ance model. Then, we calculate the sample covariance matrix from 3 = %XXT7 where
X = (X1,X2,...,Xp)-

We index all quantities, including p, by n. So, the population eigenvalues and the portfolio

size will be denoted as )\5-") and p(n) respectively throughout this section.

Assumption 3.2. As n — oo, Aﬁ”’ > > Aﬁ?) > Ag?ll = .= )‘1(3?7)1) = 1.
) () : A () « \() : A
Fori <g, \;7 > )\j means that lim,,_,., W >1; 07 > )xj means that lim,, ﬁ =

J
. )\(,n) v ,\(.n>
0; )\gn) = A" means that o <lim, W < lim,,_ye0 W < ¢5 for two constants 0 < ¢; < ¢o.
J J

J
Assumption 3.2 implies that the population covariance matrix has a spiked structure: the
first K eigenvalues increase as n goes to infinity, while the remaining ones are bounded.
A typical asset returns model which admits such a spiked covariance structure is the high-
dimensional (approximate) factor model discussed, for example, in Bai and Ng [2002] and
Fan et al. [2013].% However, compared with the assumption made in these references, our
assumption about the strength and pervasiveness of the “common factors”” is mild. Fan
et al. [2013] assume a K-factor model in which each factor is pervasive in the sense that a

non-negligible fraction of factor loadings should be non-vanishing; alternatively, the first K

eigenvalues should increase at the same rate as the portfolio size. In contrast to this “strong

8 Although the spiked covariance model we assume is implied by a factor model, we do not directly
assume that asset returns are generated from a factor model, because otherwise the expected returns are
also governed by the factor model and it is thus unreasonable not to use the model-based expected returns.
However, our assumptions could be understood as a factor model in which only the second-order stationary
of factor returns is assured.

9See the previous footnote.
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factor” assumption, we allow the common factors to be weak in the sense that as long as the

Kth eigenvalue diverges as n increases, the assumption is satisfied.

Proposition 3.2. As Assumptions 3.1 - 3.2 hold, the portfolio weight estimator w(K)
given in eq. (9) and eq. (11) converges to a distortion of the actual MSR portfolio in the

sense that:
< V?’CUt(K), Wcut(K) > 4
[weut (K)||[|wet (K|

1

E_luK

as n — oo and @ — ¢ € (0,1), where w'(K) = 1755 = and p’ is the projection of

on the space span{u®™ u® .. . u},

Proposition 3.2 conveys the key idea behind the expected returns approximation method:
we intentionally introduce some bias into @ in order to ameliorate statistical properties of
the portfolio estimator. The appeal of this method depends critically on how much bias we
should introduce for ensuring the convergence. If u is close to p, we do not lose much by
introducing the approximation error while gain considerably from avoiding the estimation
error; otherwise, the method will yield a portfolio which is far from the true optimal one. If
we just choose the number of spiked eigenvalues K as the parameter in the spectral cut-off
method, the quality of the resulting portfolio is no longer within our control, since we cannot
ensure that p® approximates p well. This provides a motivation to discuss how to select
the tuning parameter K when using the spectral cut-off method.

We have mentioned earlier that Chen and Yuan [2016] show that when asset returns
follow an approximate K factor model, the sample-based subspace mean-variance optimal
S'h

ﬁ, where 1 stands for the sample mean, only leads to a diminishing

portfolio W (K) =
deterioration in Sharpe ratio under high-dimensional asymptotics. This is not at odds with
our results, because when the approximate K factor model is assumed, the expected returns

vector is roughly spanned by the first K eigenvectors, and therefore pu” is extremely close

to L.
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3.1.2 Selection of tuning parameter

According to the discussion in the previous section, under a high-dimensional spiked covari-
ance model, if we want a convergent portfolio weight estimator, the number of principal
components we should keep is simply the number of diverging eigenvalues, or the number of
factors if we take the factor model perspective (see the earlier footnote®).

However, even if K is known to us, using the estimator we(K) in real-world portfolio
construction tasks can create unexpected problems. This is because as we have mentioned
earlier, the distortion we introduce is not within our control but implied by K. Thus the
MSR portfolio estimator could converge to some highly undesired portfolio. In addition, the
estimability of K relies on certain assumptions about the rate of the divergent eigenvalues.
Under our mild Assumption 3.2, K is in general unidentified (Onatski [2012]). Due to the
aforementioned reasons, we pursue other methods to determine the number of principal
components to keep.

Our intention of reasonably well approximating the expected returns vector suggests a
new way to select K. The idea is to specify the maximum relative approximation error we

can tolerate and then select the minimum tolerable K. The number of principal components

to keep, according to our newly proposed method, is

(e e )
ko) = {K' il Sé}’ (13)

where ¢ is the aforementioned tolerance limit for the relative approximation error. Admit-
tedly, it is possible that the resulting MSR portfolio w (K (d)) does not converge to any
population counterpart, while it seeks a balance between a convergent but severely distorted
estimator and an estimator severely contaminated by the estimation error in the sample
covariance matrix. To be more specific, if we compare the portfolio composition in eq. (9)

and eq. (10), it is clear that the spectral cut-off method based portfolio estimator with any

K = p shifts more weight to the convergent sample eigen portfolios.
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The parameter 0 is more preferable to use than K for the following reasons. By setting the
value of §, we control the amount of the approximation error to be introduced. In contrast,
when the conventional cross-validation method for selecting K is used, the implied approx-
imation error depends on the data and can be so substantial that the resulting portfolio is
far from the true MSR portfolio. Another reason is that ¢ has both geometric and economic
interpretations: it specifies the maximum sine of an angle representing the approximation
error to be introduced, therefore, even without a fine tuning procedure, we are aware that an
eligible range for ¢ is between 0 and 1, and an appropriate value for J is close to 0 in order to
avoid a substantial loss in information contained in the investor’s view on expected returns.
In addition, once the value of ¢ is determined, each time the MSR portfolio is updated ac-
cording to the latest p and f], the value of K automatically changes according to the spatial
relationship between the new expected returns vector and the eigenvectors of the updated
covariance matrix estimator. Thus, a fixed 0 is a dynamic selector of K. In contrast, if we
would like to pre-determine a value of K, as pu and > are updated, we cannot control the
amount of the approximation error any longer. Lastly, adopting a reasonable value of ¢ is an
effective way to avoid the high computational cost incurred by a cross-validation method.

There is always a trade-off between the approximation error and the estimation error in
choosing 4: if § is too large, p will be exposed to too much distortion; if ¢ is too small,
the resulting weight estimator will reduce to the sample covariance matrix based estimator,
which is highly vulnerable to the estimation error in 3. In the empirical study section, we

will discuss the use of a heuristic value for 9.

3.2 Spectral Selection Method

In this section, we discuss an alternative way of approximating the vector of expected returns.

We start by presenting an illustrative example which illuminates the new approach.

Example 3.1. Suppose that the expected returns vector has such a relationship with the

sample eigenvectors that p = i) +1W® and that the spectral cut-off method is employed to
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obtain a more robust MSR portfolio. We consider what will happen if only the last principal
component is cut-off, i.e., when K = p — 1. It turns out that in this case the relative

approximation error between g and i (p — 1) = 0" is given by

I =t p =D _ 8@
el [a® +ua|

=0.71.

This relative approximation error is obviously too large to be acceptable. Therefore, even if
we only cut-off a single principal component, the approximation error incurred is unaccept-
able, which means that under this particular specification of p and i, the spectral cut-off

method fails to cut off anything.

The failure of the spectral cut-off method in Example 3.1 is attributed to the strong
explanatory role of a tail eigenvector. This inspires us to use a selected set of sample
eigenvectors to approximate the expected returns vector, where the selection procedure takes
into account the explanatory power of each eigenvector. An ideal selection criterion should
ensure that sample eigenvectors which contribute more in approximating g and estimate
their population counterparts relatively well more likely enter the approximation set. Bearing
this objective in mind, we propose the following way of approximating the expected returns

vector:

. N 1 LA
(aiel’ - ,a;el) = argm1n§Hp, — Zaiu(ﬁ
(at,...,ap) i1

2 p
a;
£y B (14)
=1 7

where 7, ¢ > 0 are two tuning parameters. With the L; penalty in eq. (14), the coefficients
before those “less informative” sample eigenvectors which hardly explain the expected returns
are coerced to be 0 and thus the approximation set is obtained. It is important to emphasize
that unlike in many applications of the L; penalty where the “true model” is assumed to
be sparse, our motivation for encouraging sparsity is not that we have any clue about how
p lies in the eigenvector space; rather, we are fully aware that ignoring the penalty term
would lead to a perfect fitting, but we intentionally avoid the perfect fitting for the purpose

of excluding the highly erroneous sample eigenvectors from the approximation set. Since the
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tail sample eigenvalues and eigenvectors are likely to be poorly estimated compared with
the head ones, we penalize the a;’s differently such that the eigenvectors associated with the
small sample eigenvalues less likely enter the approximation set. The value of ¢ determines
the degree of disadvantage faced by tail principal components.

Usually, an optimization problem with the L; penalty does not have an explicit solution
and is solved through some numerical method. However, owing to the pairwise orthogonality
of the sample eigenvectors, which form the “design matrix” in eq. (14), we can find an explicit

solution to this optimization problem. The following proposition presents the solution.

Proposition 3.3. The solution to the optimization problem in eq. (14) is given by:

~sel
a;

= sign(@®) (|| — vA;7)s, i=1,2,...,p, (15)

(2

where @* is defined in eq. (7).

Therefore, the approximation expected returns vector based on the spectral selection

method is:
p

() = S a0 = 3 sign(@) (2] - 13,93 (16
i=1 i=1
Proposition 3.3 explicitly presents how the spectral selection method shifts the expected
returns. According to eq. (15), the spectral selection method adopts an “uneven soft thresh-
olding” scheme to modify the loadings: to enter the approximation set, an eigenvector cor-
responding to a smaller eigenvalue needs to contribute more to explaining p to meet the
higher threshold; in addition, for the eigenvectors whose contribution meets their respective
thresholds, the threshold value is deducted from the original loading to form the modified
loading. Therefore, compared with the spectral cut-off method (recall eq. (8)), which takes
the index of an eigenvector as the single decisive factor when specifying the approximation
set and keeps the loadings unchanged, the spectral selection method determines the approx-

imation set and adjusts the loadings in a more sophisticated way. This will be discussed in

more detail later.
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~sel

Replacing p with the approximation vector p**(y, ¢) in the “plug-in” method, we obtain

the following MSR. portfolio:

- sign(@j®) ([aj*| A, 170

N EflAsel p L . N : ol

Wy, 0) = he) _ > RIS =y e (17)
]_Tz—lusel(,% C) P 257:1 sign(a;®)(|a; ‘;7 ; )+17u

According to eq. (17), the MSR portfolio based on the spectral selection method only
allocates non-zero weight to eigen portfolios which contribute enough (compared with their
respective threshold) to explaining the expected returns. Further, the relative weight of two

eigen portfolios that have been selected is modified. Suppose that Z) and z\7) (i # 5) are two

sel (

of the eigen portfolios that contribute a non-zero weight to w*¢(y,c). Then, their relative

sel

weight in W (v, ¢) is:

sign(@e) (k| —y2; 176 als17g( jag | Ay
i i |ai*|
e eman ©— wre® X g (18)
sign(@y’)(la;’|—vA; ©)17au a;1-u [@%?|—vA;
by \j lals
N ~~ - S—— =N N—
relative weight in ws¢!(vy,c) relative weight in ws" adjustment factor

Note that the first term on the RHS of eq. (18) is the relative weight of the two eigen
portfolios in the sample-based MSR portfolio, and therefore the second term represents the
spectral selection adjustment. It is easy to check that when /):Z = /):j, the second term is
greater than 1 if and only if [a*| > [a’*]; when [a}*| = [@}|, the second term is greater than
1 if and only if Xz > Xj. Therefore, the spectral selection method elevates weight of the
head eigen portfolios!’ as well as the eigen portfolios contributing more to explaining the

expected returns. These two criteria encourage a “closer to convergent” portfolio and in the

meanwhile avoid the “blind spot” issue raised in Example 3.1.

10Head eigen portfolios refer to those corresponding to the largest eigenvalues.
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3.2.1 Selection of tuning parameter

In the spectral selection method, if we fix ¢, then v controls the sparsity of the solution as well
as how much the approximation vector deviates from the original expected returns. When
7 is zero, the resulting portfolio is just the sample-based MSR portfolio; as v increases, the
Ly penalty encourages an increasingly sparse solution and thus an increasing approximation
error. As in the spectral cut-off method, we impose an upper bound 0 on the relative
approximation error to be introduced. Consequently, we are able to find a critical value
of v which makes the constraint on the approximation error a binding one. Moreover, this

particular « depends on both § and ¢, i.e.,

N OO 17 Tl O 2X0 1|
e e) = {”‘ Tl S‘S}' (19)

It is notable that with the L; penalty in presence, the approximation vector is no longer a
projection of the original vector. Thus, the relative approximation error is not the sine value
of an angle anymore. Nevertheless, it is still a reasonable measure of the approximation
error.

Since that v is a function of § and ¢ and that § is the tolerance limit we impose, the only
remaining task is to determine ¢, which captures how differently we treat a head eigenvector
and a tail one. We resort to the cross-validation method to determine ¢, because the relative
magnitude of eigenvalues can be very different across asset class, study period, and portfolio
size, etc. Details about the cross-validation procedure are provided in Section 6. The scheme
we have proposed for tuning the parameters is an amelioration of a typical data-driven
procedure: we learn how differently we are supposed to treat different eigen portfolios from
the data; in the meanwhile, the approximation error to be introduced is always well controlled
by 6.

Compared with the spectral cut-off approach, the spectral selection approach works in a

wider range of scenarios, especially when the expected returns vector has a significant loading
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on some tail sample eigenvectors. This will be illustrated by using a numerical example in

Section 5.

3.2.2 Short positions and gross exposure

As we have mentioned earlier, the spectral selection method is motivated by the so-called
“blind spot” scenarios where the expected return vector cannot be well approximated without
some tail eigenvector and thus the spectral cut-off method fails to work. As the “blind spot”
issue arises, the spectral selection method sometimes helps to suppress short positions and
reduce the gross exposure, i.e., the L; norm, of the MSR portfolio, especially when p has a
significant loading on both the first and a tail eigenvector. We illustrate this statement by
revisiting the Example 3.1. Suppose we can at most tolerate a relative approximation error

of 0.1, then, it follows that the portfolios based on the two spectral methods are

175 17G(P)
~cut _ oceut _ A1 (1) Ap >(p)
w (K(O]‘)) =W (p) - 17w + 1Tx(p) 4 + 17a + 1Tx(p) 4
N A ¥ A
and
(1_7’>:1—C)1Tﬁ(1) (1_,\//>:;C)1Tﬁ(11)
~ sel _ Y (1) Ap >(p)
w 0.1,c),¢c) = = = 7"+ = = z
(10.1,0),0) = irman |, @raw (AT (198, e
" ) % )

respectively. The spectral selection method must keep both eigenvectors because otherwise
the approximation error has to exceed the threshold. Comparing the coefficients before the
sample eigen portfolios, we see that the spectral selection method based portfolio assigns
a higher weight to the dominant eigen portfolio. It has become consensus that the first
principal component of the covariance matrix corresponds to the market factor. In addition,
empirical findings have shown that when more recent stock returns data is used to estimate
the covariance matrix, there is a higher chance that the dominant eigen portfolio does not

1)

have any short position (Boyle et al. [2014]). Therefore, z(!) very likely has no short positions
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and a gross exposure of 1; while Z®?) must contain short positions and thus have a greater
than 1 gross exposure due to its orthogonality to Z(!). As a result, by shifting more weight to
the dominant eigen portfolio, the spectral selection method leads to fewer short positions and
a lower gross exposure. It is challenging to formally show the effectiveness of the spectral
selection method in eliminating short positions and controlling the gross exposure, so we
simply use the special example to illustrate this point. Empirical results in Section 6 will

provide additional support for this.

4 Examples of Expected Return Proxies

In this section, we review three methods among many others for choosing a reasonably good
proxy for expected returns. These three methods only require publicly available data and
therefore provide investors who cannot access proprietary data and models with some options
for pinning down a proxy for the expected returns. This helps facilitate the implementation

of our proposed method.

4.1 Equal Expected Returns

A simple yet effective choice is to assume that each asset has the same (positive) expected

returns:

o< 1. (20)

The minimum-variance portfolio can be viewed as an MSR portfolio in which 1 is used as
the expected returns vector. The empirical finding that minimum-variance portfolios usually
yield a satisfactory out-of-sample performance (Jagannathan and Ma [2003], DeMiguel et al.
[2009Db], Scherer [2010], Clarke et al. [2011]) implies that treating 1 as an expected returns
vector proxy is not a bad choice. In the empirical studies in Section 6, we will adopt this

neutral view on asset returns when constructing MSR portfolios.
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4.2 Bayes-Stein Estimator

The Bayes-Stein estimator (Jorion [1986]) is a Bayesian type estimator which addresses the
issue of uncertainty about parameter values. The estimator takes the form of a weighted

average of the sample mean and a scalar multiple of the column vector of ones:

p=(1—-0)T+vro1, (21)

where T is the sample mean vector, and 7y and v are estimated as follows:

1T§*—1f
1T§]4<7117

-~

0:

p+2
(p+2)+ (T —7l)TnE1(F — 7pl)’

U=

where 3% = n:“;i and % is the sample covariance matrix. The Bayes-Stein estimator
pushes the estimated returns towards their grand mean so that an investor adopting this
particular g could avoid entering extreme positions in the assets which have gained/lost a

lot in the past. Investors who follow a momentum type strategy may consider using this

improved expected return proxy.

4.3 Idiosyncratic Volatility Anomaly

Researchers exploring the cross-sectional pattern of asset returns have found a number of
explanatory factors. Ang et al. [2009] find that an asset’s lagged idiosyncratic volatility,
which is defined as the standard deviation of the residuals from the Fama-French three
factor model, negatively predicts the expected return in the next period. This empirical
finding suggests a modified Fama-MacBeth procedure to forecast the expected returns. In

the first step, the risk factor loadings are estimated from the following regression:

T, =+ 6ZMKT+ SZSMB—F thML + €,
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where r; is the daily excess return of asset ¢ and the explanatory variables are the usual
Fama-French factors. Let o;(t — 1,t) denote asset i’s idiosyncratic volatility (standard error
of ¢) computed using daily data over the previous month from ¢ — 1 to ¢; let b;(t — 1,¢)
denote the vector of estimated risk factor loadings over the month ¢ — 1 to t. Then, the risk

premium of each risk factor can be estimated from the second regression:
ri(t b+ 1) = c a0yt — 1,t) +my bi(t — 1) + m.zi(t) + ui(t,t + 1),

Due to the temporal difference in the explanatory variables and the response variable, we

can predict future expected returns based on the regression result.

5 Simulation Study

In this section, we use a set of simulation results to assess the performance of the methods
proposed in Section 3.

In the simulation study, we pre-specify the true covariance matrix 3 and the true expected
return p. For each set of parameters (sample size n and number of assets p), we repeat the
experiment 500 times. In each replication, 2n random returns are independently generated
from the multivariate normal distribution N,(p,>). We use the first n observations to
train the two spectral methods and determine the MSR portfolios estimators w* (K (§)) and

W (v(6,c)). Then we use the remaining n observations as a test set to assess these portfolios.
Different portfolio methods are evaluated based on the distribution of their corresponding
out-of-sample Sharpe ratios. Throughout this section, we use § = 0.1 as the maximum
acceptable relative approximation error and ¢ = 0.5 as the other parameter. We perform
the simulation under four different (n,p) combinations to compare the performance of the
spectral methods across dimensionality configurations. The 3 matrices specified in the
simulation studies are all calibrated from daily returns of S&P 500 stocks using the well-

known Fama-French three-factor model. We show how effective the spectral cut-off method

28



and the spectral selection method are in maximizing the portfolio Sharpe ratio under four
different specifications of p: (1) g o< 1, (2) o< uM, (3) p oc u® +u® 4 ... 4 u®, and
(4) p is randomly generated. In all the four cases, p is scaled so that the average annual

expected return of all assets is 0.4.
Case 1: pox1

If p is a (positive) scalar multiple of 1, or alternatively, each asset has the same expected

rate of return, the sample-based MSR. portfolio reduces to the minimum-variance portfolio,

S-11

Trsop- We study this case because

since both portfolios have a weight estimator given by
this special p captures the view of an uninformed investor about p. In addition, by setting p
to be proportional to the vector of ones, we do not pre-assume any direct connection between
the p and the eigenvectors of the (population) covariance matrix. We use this general case
to convey an idea about how different methods perform in terms of improving out-of-sample
Sharpe ratios. In the subsequent cases, we will specify a concrete relationship between p
and the eigenvectors and study the behavior of different portfolio estimators.

Figure 1 presents the kernel density plot of the out-of-sample Sharpe ratios. Each of the
four panels corresponds to a specific configuration of n and p, and each of the three colors
listed in the legend represents a particular method. Note that the darker areas are caused by
overlapping of the two colors. The vertical line in each panel is drawn at the true maximum
Sharpe ratio. Comparing the four panels, we can make the following observations. First, as
the p/n ratio becomes larger, the out-of-sample Sharpe ratios produced by the sample-based
MSR portfolio move further away from the true maximum Sharpe ratio. This phenomenon
reflects the vulnerability of large-scale portfolios to an estimation error. Second, in the
highest-dimensional scenario, both the spectral cut-off method and the spectral selection
method outperform the sample-based method, as attested by the observation on Figure 1
that the curves for both spectrum methods are located on the right to that of the sample
covariance based method. This is because in a traditional big n and small p scenario, the loss

incurred by introducing an approximation error is not compensated by the gain from avoiding
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an estimation error, since the latter is not quite obvious. Third, the spectral selection method

dominates the spectral cut-off approach under all of the dimensionality settings. The reason

behind this dominance is that the spectral selection method is more capable in discarding

the “useless” eigenvectors since it is less restrictive on which ones should be discarded.

Figure 1: Kernel density plot of out-of-sample Sharpe ratios for g o< 1
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Figure 2 shows the histograms of proportion of dimensions used by the spectral methods

to approximate p. We do not include the sample-based method because it does not involve

finding an approximation of . The darker regions are a result of overlapping of the two

colors. According to the histograms, with the same tuning parameter ¢, the spectral selection

method clearly leads to a smaller proportion of eigenvectors used in approximating the

expected returns.
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Figure 2: Histogram of proportion of dimensions used to approximate g for p o< 1
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Case 2: p oc uM)

Starting from this case, we pre-specify a relationship between p and the eigenvectors of
3} to see whether the spectral cut-off and the spectral selection method help in improving the
out-of-sample Sharpe ratios under different scenarios. In this case, we let pu be proportional
to the dominant eigenvector. This specification is consistent with a single-factor model
with a constant residual variance, since under such a model, the dominant eigenvector is
proportional to the factor loading, or beta, vector.

Figure 3 shows the kernel density plot of the out-of-sample Sharpe ratios. As in the
previous case, as we move towards a high-dimensional setting, both spectral methods im-
prove in terms of the out-of-sample Sharpe ratios. Another notable observation is that the
histograms corresponding to the two spectral methods completely overlap. The reason is

that in this case, since p can be perfectly explained by the dominant population eigenvector,

it is highly likely that g can be better approximated by the dominant sample eigenvector,
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given that the dominant sample eigenvector can be relatively accurately estimated.

Figure 3: Kernel density plot of out-of-sample Sharpe ratios for p oc ut")
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Figure 4 provides support to the above explanation for the overlapping: the histograms
corresponding to both spectral methods reduce to a single bar at %%, since in all of the

dimensionality settings and in all of the replications, the dominant sample eigenvector ap-

proximates p sufficiently well.
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Figure 4: Histogram of proportion of dimensions used to approximate p for p o u®
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Case 3: pocu® +u® +... 4 ul®

In this case, we assume that p has an equal loading on all of the eigenvectors of ¥, i.e.,
we let p=u® +u® + ... +ulP . We intend to use this case to illustrate the superiority of
the spectral selection method as well as to point out the scenarios where the spectral cut-off
method hardly works.

Figure 5 summarizes the distribution of the out-of-sample Sharpe ratios. As in the
previous two cases, in the first two “big n and small p” settings (the top panels), the difference
between the spectral methods and the sample-based method is not clear cut. In the left
bottom panel however, the spectral selection method demonstrates its superiority compared
with the other two methods, which have a quite similar performance. The reason behind
this similarity is that the equi-loading structure of p makes it hard for the spectral cut-oft

method to cut off much, since otherwise, p is not well approximated. As a result, the spectral

cut-off method almost reduces to the sample-based method.
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Figure 5: Kernel density plot of out-of-sample Sharpe ratios for g oc u™ +u® + ... 4+ u®

n= 500,p= 50 n= 250,p= 50
3 4
4 sample
cutoff
selection
39 24
ol =
@ ]
(=4 E=
8 2- a
1
14
0 T u T 0 T g T
1.2 1.6 2.0 24 15 2.0 25
Qut-of-sample Sharpe ratio Qut-of-sample Sharpe ratio
n= 500,p= 200 n= 250,p= 200
2.0
1.24
1.5 1
= =
e 2 pg-
& 101 &
0.5 0.4
0.0 T T 0.0 T T T
3 4 5 6 2 3 4 5
Out-of-sample Sharpe ratio Out-of-sample Sharpe ratio

The above explanation is further supported by Figure 6. In the top two panels of Figure 6,
for the spectral cut-off method, the highest spike appears at around 100%, which means that
in most replications, the spectral cut-off method does not result in any dimension reduction.
In the two higher-dimensional settings, the highest spike still resides very closely to 100%.
While in all the four panels, the highest bar for the spectral selection method is around 97%.

Therefore, when p has a heavy loading on one or several of the tail eigenvectors, the
spectral cut-off method fails to work and almost reduces to the sample-based method. If

this is the case, we need to resort to the more generalized spectral selection method to obtain

a robust MSR portfolio.
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Figure 6:
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Case 4: p is randomly generated

In the last case, we consider a u, each of whose element is independently generated from
N(0.4,0.4), so that around 16% of the assets have negative expected returns. Once p has
been generated, we treat it as a fixed quantity representing the expected return which the
investor believes in and use it across all replications.

According to Figure 7, in the two lower-dimensional settings (the top two panels), there
is no significant difference among the three methods. However in the two high-dimensional
settings, the spectral selection method clearly leads to the highest average out-of-sample
Sharpe ratio, followed by the spectral cut-off method. In addition, it is notable that in
the two panels on the right side, we observe negative out-of-sample Sharpe ratios. This
happens because we sometimes enter extreme positions but turn out to make incorrect bets.
Negative Sharpe ratios are highly undesirable. According to the right bottom panel, the

spectral selection method results in the smallest area under the fitted density curve in the
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negative half of the x-axis. Therefore, we conclude that the the spectral selection method is

the most effective method in producing robust MSR portfolios.

Figure 7: Kernel density plot of out-of-sample Sharpe ratios for randomly generated p
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Figure 8 looks quite similar to the histogram in the previous case. The spectral selection

method almost always leads to some dimension reduction.
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Figure 8:
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According to the four cases we discuss in this simulation study, by approximating g by

a number of selected eigen portfolios and allowing the relative approximation error to be

less than 10%, the spectral selection method does not lead to a substantial deterioration in

out-of-sample Sharpe ratios in the “big n and small p” settings and in addition significantly

improve the average out-of-sample Sharpe ratio in a high-dimensional setting. The spectral

selection method also effectively reduces the occurrence of negative Sharpe ratios.

6 Empirical Analysis

6.1 Out-of-sample Performance of Portfolios

In this section, we use real world stock returns data from different markets around the world

to assess the effectiveness of the spectral cut-off and spectral selection methods in improving

portfolio Sharpe ratios.
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6.1.1 Data and procedure

We have assumed p to be an investor’s best proxy for expected returns over the investment
horizon and have presented a few potential choices of p, but in the empirical study, we have
to pin down a single desirable expected returns proxy before proceeding to the portfolio con-
struction process. Only when the proxy is close to the unobservable true vector of expected
returns, the comparison of different portfolios in terms of their out-of-sample Sharpe ratio
would reasonably reflect the effectiveness of each method. The lasting success of the 1/N
portfolio, especially in terms of returns (DeMiguel et al. [2009b]), leads us to use p < 1 as
the best proxy for expected returns, given that we do not possess any additional information
to predict expected returns.

For each market, we select a representative stock index, for instance, S&P 500 index for
the US market, and use its constituent stocks to construct portfolios. The same procedure
is repeated each year from the starting year of the dataset till ¢ = 2011. We use adjusted
returns data from the first trading day of year ¢ to the last trading day of year t + 4 (n
is around 1260) to estimate a stock returns covariance matrix. The stocks that enter the
portfolio are those that (1) belong to the index on the last trading day of year ¢ + 4 and
(2) have at least five years’ complete price history. Then on the first trading day in January
of year t + 5 we build an MSR portfolio based on the estimated covariance matrix and our
best proxy for expected returns over the holding period. We hold this portfolio until the last
trading day of December of year ¢ 4+ 5, at which time we liquidate the portfolio and start
the process all over again. We use daily returns of the S&P 500 component stocks from
January 1984 to December 2016 to back-test the performance of different portfolio methods
in the US market. As a result, each portfolio has a 28-year holding period from January
1989 to December 2016. The other two datasets we use are daily returns of the S&P United
Kingdom index constituents and those of the Japanese Nikkei 225 index constituents, both

running from January 2001 to December 2016.
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6.1.2 Comparison methods

We compare in total eight portfolio methods in the empirical study. Besides the spectral cut-
off and spectral selection methods, the comparison methods include the well-known equally
weighted portfolio (also known as the 1/N portfolio), the sample-based MSR portfolio, the
POET-based (Fan et al. [2013]) MSR portfolio'', the shrinkage towards identity method
based MSR portfolio (Ledoit and Wolf [2004]), as well as the no-short-selling MSR portfolio
(Jagannathan and Ma [2003]), whose outperformance among optimized portfolios'? has been
documented in DeMiguel et al. [2009b]. All of the MSR portfolios are constructed based on
the same given pu.

For the spectral cut-off method, we consider two ways of selecting the parameter 6. One is
to determine the optimal § at each portfolio rebalancing date via a cross-validation procedure

which is described as follows.

e Partition the available returns data into a training set and a cross validation set. The
cross validation set contains the most recent 20% of the data. Calculate the returns

sample covariance matrix 3 using the training data.

e For each value of ¢ of interest, construct an MSR portfolio using the spectral cut-

off method with parameter ¢, i.e., W (K (4)) = ﬂfgf;u—m, and compute SR(J),

which is the Sharpe ratio of the portfolio on the cross validation set. The optimal 9§ is

dov = argmax SR(J).
5

e As the portfolio is frequently rebalanced we record a sequence of 6cy. Let oy stand

for the average of the sequence.

"When using the POET method to estimate the covariance matrix, we use Bai and Ng’s method to
determine the number of common factors and use the recommended parameter C' = 0.5 to estimate the
residual covariance matrix using the soft thresholding method.

12\We refer to the portfolios that involve an explicit optimization procedure as “optimized portfolios”.
Examples include the minimum-variance portfolio, the MSR portfolio, etc. In contrast, portfolios such as
the equally weighted portfolio or the value weighted portfolio are not optimized portfolios.
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This method of selecting § is equivalent to the conventional method of using a data-driven
method to select K each time. As discussed before, adopting the cross-validation approach
could cause the approximation error to be out of control. The second way is to directly set
0 = 0.15. This approach ensures that the approximation error never exceeds our tolerance
limit.

For the spectral selection method, we only consider a single choice of §: we simply use
0 = 0.15. The reason is that in this method we have an additional tuning parameter ¢ to

determine via the following cross-validation procedure:

e Partition the available returns data into a training set and a cross validation set. The
cross validation set contains the most recent 20% of the data. Calculate the returns

sample covariance matrix 3 using the training data.

e For each value of ¢ of interest, construct an MSR portfolio using the spectral selection

51 (1(5,0) )
TS 15 (1(5.).0)

method with parameter ¢ and § = 0.15, i.e., W*(y(d,¢),c) = and
compute SR(c), which is the Sharpe ratio of the portfolio on the cross validation set.
The optimal c is

coy = argmax SR(c).

C
6.1.3 Performance measures and results

The following holding period performance measures are recorded for each portfolio: an-
nualized standard deviation, annualized return, Sharpe ratio, average percentage of short
position, average turnover, average gross exposure (Fan et al. [2012]), as well as the percent-
age of dimensions used to approximate p (for the two spectral methods). All the reported
performance measures are adjusted for transaction costs. We set the proportional transac-
tion costs equal to 50 basis points per transaction as assumed in Balduzzi and Lynch [1999]

and in DeMiguel et al. [2009b]. If we denote by s the proportional transaction cost, then the
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evolution of wealth for a portfolio strategy k is

N
Wiit1 = Wit (1 + Rii41) (1 - Z | W j1+1 — wk,j,t|>a

j=1

where Ry, ;41 is the portfolio return under strategy k during the period from ¢ to ¢ + 1, and
Wy, ;¢ is the weight of the jth asset at time ¢ according to strategy k. The transaction cost
adjusted Sharpe ratio is the performance measure we highlight in this paper.

Tables 1 - 3 summarize the holding period performance measures of all the portfolios. Ac-
cording to these tables, in all the three markets, the spectral selection method with § = 0.15
leads to a holding period Sharpe ratio higher than that of the equally weighted portfolio, the
sample-based MSR portfolio, the POET-based MSR portfolio, the shrinkage method based
MSR portfolio, the no-short-selling MSR portfolio, as well as the spectral cut-off method
with 0 = 0.15. In addition, in two out of the three markets, the spectral selection method
with § = 0.15 results in a higher Sharpe ratio compared with the conventional spectral cut-off
method (§ = dcv), which has an unstable performance in different markets. In a nutshell,
the spectral selection method with ¢ = 0.15 yields the most satisfying performance and is
robust to the choice of country, study period, and more importantly, the dimensionality of
the training sample.

Recall that on each portfolio balancing date, we always use the past five years’ data to
estimate the covariance matrix and construct the portfolios, but the portfolio size varies
across markets since different indices have different numbers of component stocks: the S&P
500 index has 500; the S&P United Kingdom index has around 90; the Nikkei 225 index
has 225. Thus, according to the relative magnitude of the portfolio size and the sample
size of the training data, the optimized portfolios from the UK market are faced with a
less severe estimation error problem. This is evidenced by the high Sharpe ratio yielded
by the sample-based MSR portfolio in the UK market (see Table 2). However, even in this

case, introducing a 0.15 relative approximation error by neither spectral method causes an
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obvious deterioration (compared with the sample-based MSR portfolio) in the holding period
Sharpe ratio. Therefore, § = 0.15 is a reasonable upper bound to impose on the relative
approximation error.

The average turnover is another important performance measure and is closely associated
with another two performance measures: the percentage of short positions and the gross ex-
posure. Unsurprisingly, among all of the methods, the equally weighted portfolio always has
the lowest average turnover, followed by the no-short-selling MSR, portfolio, since these two
portfolios have positive weights and do not undergo a massive adjustment on portfolio rebal-
ancing dates. The spectral cut-off method with § = 0.15 leads to the third lowest turnover,
followed by the spectral selection method with 6 = 0.15. This is because the cross-validation
procedure for determining the tuning parameter ¢ in the spectral selection method brings
in fluctuation in the parameter. But the turnover is not drastically increased thanks to the
upper bound on the approximation error; otherwise the approximation vector of expected
returns could vary substantially from time to time, leading to an intolerable turnover. The
POET method and the shrinkage to identity method help eliminate extreme positions re-
sulted from the sample-based method by regularizing the sample covariance matrix and thus
pull down the value of the turnover a bit. The spectral cut-off method with § = doy results
in a high average turnover, comparable to or even higher than that of the sample-based
MSR portfolio. This high turnover arises because the cross-validation procedure performed
on each portfolio rebalancing date brings in extra instability to the parameter.

So far we can see that the spectral selection method with ¢ = 0.15 is the most preferable
one among all of the portfolio methods. But before formally recommending the spectral
methods with this specific parameter, in the following section, we use more datasets of

different dimensionalities to assess whether this parameter works well in other scenarios.
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Table 1: Holding period (Jan 1989 - Dec 2016) performance of different portfolios of S&P 500
index component stocks

Method std dev_ return  Sharpe % short position  turnover  gross exp % dim used
equally weighted 17.62%  8.44% 0.48 0.00% 0.14 1.00 —
sample-based 12.67% 1.81% 0.14 47.48% 2.84 6.80 —
spectral cut-off (§ = dcv) 13.18%  3.3™% 0.26 36.74% 2.47 3.95 45.21%
spectral cut-off (§ = 0.15) 13.33%  6.20% 0.46 30.11% 0.61 1.95 4.45%
spectral selection (6 = 0.15) 12.70%  6.33% 0.50 29.59% 0.70 1.94 7.67%
POET 11.48%  3.51% 0.31 45.58% 1.27 4.02 —
shrink to identity 12.22%  2.23% 0.18 46.85% 2.53 6.29 —
sample-based no short 18.97%  8.44% 0.44 0.02% 0.14 1.00 —

Table 2: Holding period (Jan 2006 - Dec 2016) performance of different portfolios of S&P United
Kingdom index component stocks

Method std dev_ return  Sharpe % short position  turnover  gross exp % dim used
equally weighted 20.14%  4.80% 0.24 0.00% 0.12 1.00 —
sample-based 13.53%  3.76% 0.28 40.29% 0.71 2.34 —
spectral cut-off (6 = dcv) 14.99%  4.95% 0.33 31.93% 1.14 2.02 47.50%
spectral cut-off (§ = 0.15) 16.06%  4.16% 0.26 28.39% 0.47 1.72 10.72%
spectral selection (6 = 0.15) 14.83%  4.37% 0.29 27.05% 0.47 1.59 13.23%
POET 16.49%  2.11% 0.13 41.26% 0.63 2.25 —
shrink to identity 13.50%  3.82% 0.28 39.83% 0.69 2.31 —
sample-based no short 21.88%  4.33% 0.20 0.00% 0.12 1.00 —

Table 3: Holding period (Jan 2006 - Dec 2016) performance of different portfolios of Nikkei 225
index component stocks

Method std dev_ return  Sharpe % short position  turnover  gross exp % dim used
equally weighted 25.20%  2.26% 0.09 0.00% 0.11 1.00 —
sample-based 18.37%  0.78% 0.04 45.77% 1.80 5.18 —
spectral cut-off (6 = dcv) 19.40%  0.52% 0.03 38.68% 2.10 3.07 39.72%
spectral cut-off (§ = 0.15) 21.65%  4.31% 0.20 28.95% 0.37 1.68 1.85%
spectral selection (§ = 0.15)  21.20%  4.55% 0.21 29.86% 0.44 1.71 4.33%
POET 18.37%  2.03% 0.11 44.81% 1.05 3.77 —
shrink to identity 18.26%  0.92% 0.05 45.72% 1.73 5.056 —
sample-based no short 26.92%  1.61% 0.06 0.00% 0.11 1.00 —

6.2 A Rule of Thumb for Selecting ¢

Since the cross validation method for selecting ¢ does not necessarily outperform the less
complicated method of directly adopting a reasonable value of §, as can be seen from Tables
1 - 3, we recommend a value, § = 0.15, as a rule of thumb. The rest of this section is devoted
to using real-world datasets of different sizes to show that this § works well in a wide range
of dimensionality configurations, as well as in different markets.

Tables 4, 6, and 8 summarize the portfolios’ average holding period performance measures
when different number of stocks enter the portfolios and the training sets contain different
number of days, with each table corresponding to a market. The portfolio construction

procedure is the same as that described in Section 6.1, except that instead of always using
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the past five years’ daily returns data to construct portfolios, we use the past n/252 years’
data. In addition, within each of Tables 4, 6, and 8, we make the holding period under each
of the four dimensionality configurations the same for a comparison purpose. Since there are
multiple ways to choose p stocks from an index’s component stocks, for each pair of (p,n), we
repeat the random draw 20 times, perform the portfolio construction procedure each time
when p stocks are drawn, and record the twenty-time average holding period annualized
standard deviation, return, Sharpe ratio, and average turnover when each portfolio method
is used. As in the previous section, all performance measures are reported after adjusted for
transaction costs. In addition, for each (p,n) combination, we also record the average dcy
of the 20 replications.

According to the results in Tables 4, 6, and 8, the outperformance of the spectral selection
method with 6 = 0.15 is quite consistent across different dimensionality configurations,
almost always ranking the first or the second among all of the portfolio methods. Even in
the few cases where the spectral selection method with § = 0.15 is not the top performer, it
does not cause obvious deterioration in the Sharpe ratio. In addition, the spectral selection
method with 6 = 0.15 almost always leads to a low turnover, only higher than the two all-
positive portfolios. Moreover, the superiority of the spectral methods in high-dimensional
settings is manifested in the right bottom block of each of Tables 4, 6, and 8. A closer
scrutiny of the portfolios” performance in high-dimensional settings warns us against using
the sample-based method, since it may lead to a low portfolio return. A possible reason for
the low return is that inverting the large sample covariance matrix brings in extreme long
and short positions, and incorrect bets on these positions cause severe loss.

Tables 5, 7, and 9 summarize the average dcy obtained from the cross-validation pro-
cedure for determining ¢ in the spectral cut-off method with 6 = d¢oy under different di-
mensionality configurations, each table corresponding to a market. The numbers fluctuate
between 0.08 and 0.13, which provides an additional support for using 6 = 0.15 as a rule of

thumb. In addition, these empirical results demonstrate that the amount of approximation

44



error that should be introduced is not very sensitive to the relative magnitude of n and p,
therefore we simply recommend a parameter value independent of n and p. It should be
noticed that even if for a (p,n) pair, the average dcy is exactly 0.15, the spectral cut-off
method with § = doy and that with 6 = 0.15 are fundamentally different, because in the
former method the doy obtained at each portfolio rebalancing date is different, and 0.15 is

just the mean of the sequence of d¢oy .

Table 4: Average holding period (Jan 1995 - Dec 2016) Sharpe ratio of different portfolios when
p stocks are used to construct portfolios. All stocks are S&P 500 constituents.

p =50, n = 1260 p =50, n =504
Method std return  Sharpe turnover std return  Sharpe turnover
equally weighted 18.10% 8.46%  0.47 0.14 18.12% 8.62% 048 0.14
sample-based 13.83% 6.00%  0.43 0.43 14.02% 5.45%  0.39 0.77

spectral cut-off (§ = dcy)  15.13% 6.46%  0.43 0.70  14.81% 6.06%  0.41 0.85
spectral cut-off (6 =0.15)  15.64% 7.51%  0.48 0.40 15.07% 6.89%  0.46 0.57
spectral selection (§ = 0.15) 15.20% 7.90%  0.52 035  14.54% 7.19%  0.49 0.47

POET 14.38% 5.64%  0.39 0.40 14.25% 5.12%  0.36 0.61
shrink to identity 13.78% 6.09%  0.44 0.42 13.85% 5.65%  0.41 0.71
sample-based no short 19.96% 8.34%  0.42 0.14 20.27% 8.52%  0.42 0.16
b= 100, 7 = 1260 » =100, 7 = 504
Method std return  Sharpe turnover std return  Sharpe turnover
equally weighted 18.08% 8.30%  0.46 0.14 17.84% 8.40%  0.47 0.14
sample-based 13.03% 5.11%  0.39 0.69 13.33% 4.28%  0.32 1.35

spectral cut-off (6 =d¢y)  14.77% 5.61%  0.38 0.98 14.17% 547%  0.39 1.26
spectral cut-off (§ =0.15) 14.87% 7.65%  0.51 0.46 13.85% 6.45%  0.47 0.71
spectral selection (6 = 0.15) 14.56% 7.68%  0.53 0.42 13.42% 6.67%  0.50 0.61
POET 13.54% 5.46%  0.40 0.54 12.90% 4.16%  0.32 0.82

shrink to identity 12.97% 5.25%  0.41 0.67 12.99% 4.56%  0.35 1.20
sample-based no short 19.70% 8.35%  0.42 0.14 19.84% 8.10%  0.41 0.16

Table 5: Average 0oy under different dimensionality configurations. All stocks are S&P 500 index
constituents.

(pa n) 5CV
(50, 1260)  0.12
(50,504)  0.12

(100,1260) 0.12
(100,504) 0.1
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Table 6: Average holding period (Jan 2006 - Dec 2016) Sharpe ratio of different portfolios when
p stocks are used to construct portfolios. All stocks are S&P United Kingdom index constituents.

p =40, n = 1260 p =40, n =252
Method std return  Sharpe turnover std return  Sharpe turnover
equally weighted 20.78% 4.74%  0.23 0.12 20.25% 4.66%  0.23 0.12
sample-based 15.23% 4.24%  0.28 0.42 15.58% 2.99%  0.19 1.14

spectral cut-off (0 = doy)  16.60% 4.07% 025  0.68  16.08% 3.61% 022  0.98
spectral cut-off (6 =0.15) 17.22% 5.42%  0.32 0.43 16.32% 3.18%  0.20 0.92
spectral selection (§ = 0.15) 16.69% 5.35%  0.32 034  15.02% 3.53%  0.23 0.70

POET 16.52% 3.32% 0.20 0.45 16.14% 3.71% 0.23 0.80
shrink to identity 15.20% 4.26% 0.28 0.41 15.27% 3.17% 0.21 1.04
sample-based no short 22.57% 4.26%  0.19 0.13 22.39% 4.67%  0.21 0.16
» = 80, 7 = 1260 » =80, 7 = 252
Method std return  Sharpe turnover std return  Sharpe turnover
equally weighted 20.15% 4.71%  0.23 0.12 20.09% 4.78%  0.24 0.12
sample-based 13.62% 3.75%  0.28 0.65 14.92% 1.95%  0.13 1.93

spectral cut-off (6 = dcy)  14.42% 3.84%  0.27 0.89  15.10% 3.34%  0.22 1.47
spectral cut-off (6 =0.15)  15.86% 4.51%  0.28 0.45 15.06% 2.74%  0.18 1.20
spectral selection (§ = 0.15) 15.03% 4.74%  0.32 042  14.01% 2.58%  0.18 1.12
POET 16.26% 2.06%  0.13 0.60 14.97% 3.66%  0.24 0.98

shrink to identity 13.59% 3.80%  0.28 0.64 14.25% 2.54%  0.18 1.64
sample-based no short 21.86% 4.30%  0.20 0.12 22.10% 4.71%  0.21 0.16

Table 7: Average dcy under different dimensionality configurations. All stocks are S&P United
Kingdom index constituents.

(p,m) dcv
(40,1260) 0.12
(40,252) 0.12
(80,1260) 0.12
(80,252) 0.13

Table 8: Average holding period (Jan 2006 - Dec 2016) Sharpe ratio of different portfolios when
p stocks are used to construct portfolios. All stocks are Japanese Nikkei 225 index constituents.

p = 50, n = 1260 p = 50, n = 252
Method std return  Sharpe turnover std return  Sharpe turnover
equally weighted 25.57% 2.22%  0.09 0.11 25.41% 1.98%  0.08 0.11
sample-based 19.90% 2.94%  0.15 0.48 20.92% 2.711%  0.13 1.75

spectral cut-off (§ = dcy)  21.01% 2.81%  0.13 0.83  21.29% 2.64%  0.12 1.43
spectral cut-off (6 =0.15) 22.88% 3.74%  0.16 033 21.97% 2.21%  0.10 0.75
spectral selection (§ = 0.15) 22.62% 3.74%  0.17 027  21.74% 257%  0.12 0.59

POET 2047% 2.82%  0.14 0.49 20.20% 3.43%  0.17 1.17
shrink to identity 19.88% 2.99%  0.15 0.47 20.48% 2.99%  0.15 1.54
sample-based no short 27.20% 1.57%  0.06 0.11 27.34% 1.41%  0.05 0.14
b = 100, n = 1260 » = 100, n = 252
Method std return  Sharpe turnover std return  Sharpe turnover
equally weighted 25.36% 2.40%  0.09 0.11 25.39% 1.92%  0.08 0.11
sample-based 18.77% 2.06%  0.11 0.85 21.85% 1.30%  0.06 3.31

spectral cut-off (§ = dcy)  20.00% 2.72%  0.14 1.16  21.64% 0.85%  0.04 2.33
spectral cut-off (6 =0.15) 22.27% 3.62%  0.16 0.35 20.91% 2.40%  0.11 0.88
spectral selection (§ = 0.15) 21.85% 3.90%  0.18 034  20.63% 287% 0.14 0.78
POET 19.41% 1.86%  0.10 0.68 18.90% 2.76%  0.15 1.54

shrink to identity 18.73% 2.14%  0.11 0.82 20.55% 2.05%  0.10 2.70
sample-based no short 27.09% 1.75%  0.06 0.12 27.33% 1.36%  0.05 0.14
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Table 9: Average 6oy under different dimensionality configurations. All stocks are Japanese
Nikkei 225 index constituents.

(pan) 5CV
[0, 1260) 0.08
(40,252)  0.09
(80,1260) 0.08
(80,252)  0.09

Up to this point, we have shown the suitability of 6 = 0.15 as the parameter value in the
spectral cut-off and spectral selection methods under different dimensionality configurations
and in different markets. However, this ¢ is only recommended when g is set to g o 1,
alternatively, when we do not possess any additional information to forecast p. If an investor
has a view on asset returns other than g oc 1, a good choice is to obtain an average value of
cross-validated parameter, dcy, from the historical data and then use this dcy as the fixed
upper bound for the relative approximation error when constructing portfolios. When the
sample size is sufficiently large compared with the number of assets, we recommend a smaller

0 as well because in such a scenario the estimation error does not pose a severe problem.

7 Conclusion

In this paper, we discover that if the expected returns vector lies in a subspace of the
eigenvector space of the sample covariance matrix, the sample-based MSR portfolio also lies
in the same subspace. Due to the uneven distribution of estimation errors across different
sample eigenvalues and eigenvectors, it is desirable that the portfolio estimator lies in a
space spanned by a few sample eigenvectors that relatively well estimate their population
counterparts. Therefore, we propose the idea of approximating the expected returns vector
in a lower-dimensional subspace. We then use this approximation to replace the original
expected returns vector. As long as the approximation is close to the original vector, we
benefit from the reduced exposure to the estimation error without much loss, although in

the process our vector of expected returns is slighted distorted.
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We introduce two concrete methods for approximating the expected returns vector. The
first one, which has been shown to be equivalent to the spectral cut-off method in the
literature, uses the first K sample eigenvectors to approximate the expected returns. This
particular choice of the approximation set is due to the fact that the leading eigenvalues and
their corresponding eigenvectors are relatively precisely estimated. The second one, namely
the spectral selection method, uses a selected set of sample eigenvectors to approximate the
expected returns. The selected sample eigenvectors tend to be more useful in explaining the
expected returns and correspond to a larger sample eigenvalue.

In both spectral methods, we specify an upper bound ¢ for the approximation error to be
introduced. There are a few advantages of treating ¢ as the parameter. The most important
one is that by constraining the approximation error, our view on the expected returns vector
is not severely distorted. Such a turning parameter § offers a convenient scheme for striving
the trade-off between the approximation error and the estimation error, as it enables us to
set a limit for the former and make our best effort to reduce the latter.

Extensive simulation studies are conducted to demonstrate the superiority of the spectral
methods. Both spectral methods mitigate the effect of the estimation error more effectively in
a high-dimensional setting. The reason behind this is that when the sample size is sufficiently
large compared with the number of assets, the estimation error is not so ubiquitous. In this
scenario, the introduction of an approximation error is not warranted.

We use three real-world stock returns datasets to assess the effectiveness of the two
spectral methods. These datasets are of different dimensionality configurations and from
different markets around the world. Since the 1/N portfolio usually yields impressive returns,
we deduce that the weight vector of the equally weighted portfolio and the expected returns
vector usually form an acute angle. Therefore, we set the vector of expected returns to be 1.
It turns out that the spectral selection method with § = 0.15 yields better transaction costs
adjusted holding period Sharpe ratios even compared with the renowned 1/N portfolio, with

only few exceptions. The suitability of this § under different dimensionality settings and in
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different markets is evidenced by the numerical results presented in the paper.
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A Proofs of the technical results in Section 2

Proof of Proposition 2.1. To prove this proposition, we need to first verify that the global
minimum-variance portfolio has a positive expected return and then plug in the vector of
expected returns into eq. (2) and see whether the resulting MSR portfolio matches the
corresponding eigen portfolio.

Let o = au®, a € {a # 0 : a1™u > 0}, then the expected return of the global

minimum-variance portfolio w™" is

1Sy a9 a1"UATTUTU

muT

[j’m'u = W IJ/ — 1T2711 — 1T2711 f— 1T2711
ith .

~ a1"UAY(0,...,0, 1,0,...,0)7  yal’u® -

a 17511 NS R

Since it is verified that the global minimum-variance portfolio has a positive expected return,

it follows that the MSR portfolio is determined by eq. (2):

aXtu® UATUTu®

msr

VT TS G T 1TUA U O
ith .
UA—Y0,...,0,1,0,...,0)7 yul? o
— = — = 7Z .
1TUA-L(0,...,0, .1h, 0,...,007"  +£1Tul®
it v
Thus we have shown that the MSR portfolio is exactly the ith eigen portfolio. m

Proof of Proposition 2.2. We first verify the existence of the MSR portfolio. The expected

return of the minimum-variance portfolio is:

171
muT
mu — = ——->0.
fmo =W B =Ty
Therefore, the weight of the MSR portfolio is:
- i P ai(i a;1Tu®
e 2 e 2 fu® zp: =l
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B Proofs of the technical results in Section 3

Proof of Proposition 3.2. Before proving the convergence, we introduce a few new notations.
We let Ui = (u®, u®, ... u®)) denote the matrix of the first K population eigenvectors
and let Ax = diag{\i, \s,..., A\g} denote the diagonal matrix of the first K population

K can be written as u = Ux UL p. In the argument

eigenvalues. With the new notations,
of equivalence, we show that the spectral cut-off method with parameter K leads to a weight

vector which is expressed as

_ Pt
WU K) = —f_’; )
173

Similarly, we can show that the distorted MSR portfolio can be written as

271
Wcut(K) _ = K,llj, )
3w

<eut

Next, we prove the convergence of w(K') by appealing to some results on the limiting
behavior of sample eigenvalues and eigenvectors. According to Theorem 1 in Shen et al.
[2016], under Assumptions 3.1 and 3.2, the first K sample eigenvalues and eigenvectors have
such a limiting behavior that % 2% 1and @Y, u) 21,5 =1,2,...,K, as n — oo

and p(n)/n — ¢ € (0,1). Therefore, we obtain:

< V/\\ICM(K),WCM(K) > B IJJTEJI—(IEI—(IIJJ ﬂ
[wet(E)[[wet (K|St | S ]
asn — oo and p(n)/n — c € (0,1). O

Proof of Proposition 3.3. It is straightforward to check that the solution to the least square
problem in eq. (7)is @ = (@,...,a*)" = (UTU)"'U%pu = UTu. Next, we solve the

»7p

optimization problem in eq. (14). Let a = (ay,...,a,)" denote the decision vector and
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define another vector b = (by,...,b,)" = A—a. Then, the optimization problem can be

rewritten in terms of b:

1 rTAC T AC
min 5 (g — UAD)" (1 = UAD) + 7[[b]1.

Here, ||b||; is the L; norm of b. Expanding out the first term we get su” p — uTUAD +
%ijAX%b and since p! p does not contain the variable of interest, we can discard it and

consider an equivalent problem:

: TTTAC Lo proc

min —p UAb + §b A*b +v|/bl];.
Since a%* = IAJTu,, the following problem can be written as:
a 1
: ~lsye N 2¢7.2
_5lNeh, 4 =2 bl
min E_l a; Aib; + 2)\Z 4 v]0i

Our objective function is now a sum of objectives, each corresponding to a separate variable

b;, so they may each be solved individually. Fix a certain 7. Then, we minimize
~lsye 1/\20 2

If al* > 0, then we must have b; > 0 since otherwise we could flip its sign and get a lower
value for the objective function. Likewise if @* < 0, then we must choose b; < 0.

Case 1: @° > 0. Since b; > 0, £; = —aés/)\\l‘?bi%—%/):?‘zb?jtvbi. Differentiating with respect to b;
and setting equal to zero, b; = X; “(als — ﬁ; ¢) and this is only feasible if the right-hand side

is non-negative, so the actual solution is b; = X[ °(ats — yX;m = sign(&\és)xi_ °(Jats| — ’yxi_ Ve

Thus, in this case we obtain:

art = Nbi = sign(@”) ([al’] — v )+

%)



Case 2: a* < 0. This implies we must have b; < 0 and so £; = —ﬂﬁgbi + %Xf"’bf —
~b;. Differentiating with respect to b; and setting equal to zero, b; = /)\\; °(als + ’yX; ‘) =
sign(aés)/)\\i_ “(Jats| — 7/)\\2-_ ). Again, the solution is only feasible if the right-hand side is non-
positive, so the actual solution is b; = sign (@) A7 ¢(|al*| — vA7);. Thus, in this case we also
obtain:

art = Nbi = sign(@”) ([al’] — v )+

Obtaining the same solution in both cases completes the proof. O
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